A theory of vector singular integral operators in the context of the local fields, is established. Applications to maximal functions, a diagonal multiplier theorem of Mihlin-Hόrmander type and applications to Besov and Hardy-Sobolev spaces are given.
If B and R are two balls of K such that BnR^0, then B c R or R c B, For each fceZ, there is only one sequence (Bj)j eN of balls with radius q k that is a partition of K. We fix a character / on K + that is trivial on D but is non-trivial on B" 1 = {x e K: \x\ < q}. If we take χ y (x) = χ(x y), then the mapping y *-> χ y is a topological isomorphism of K onto the group of characters of K + . The Fourier transform of a function / e L 1 (K) is defined by (1) /(*)= f f(y)x x (y)dy, JK and the inverse Fourier transform of a function / e L£° (K) is defined by (2) /»= [ f(y)χ x (y)dy. JK We denote by *S(K) the space of all finite linear combinations of characteristic functions of balls of K. The space 5(K) is an algebra of continuous functions with compact support that is dense in L P (K), 1 < p < oc. We observe that the Fourier transform is a homeomorphism of S(K) onto 5(K). The space S'(K) of continuous linear functional on ^(K) is called the space of distributions. We will consider S'(K) with the weak topology.
Let E be a Banach space. The space I s (E) is the set of all sequences (Cj)j ez of elements of E, such that the sequence of its norms is in I s . The space of the quasi-null sequences of elements of E, i.e. of the sequences (c ; ) such that Cj = 0 for \j\ > N, for some N > 0, will be denoted by ff (E) . We denote by S(K, / §°) the space of the quasi-null sequences of functions of S(K). The space 5(K, /Q°) is dense in the space 27 (K, I s ) for 1 < p, j < oo.
The space /[(£"), for 1 < r < oo and JGR, will be the set of all sequences (XJ)J>O of elements of E, such that
The Hardy-Littlewood maximal function of / € £/ 0C (K, £) is defined by (3) Mf(x) = supq k f \\f(y)\\Edy.
kez J\y-χ\<q The function Mf(x) is measurable,
and (5) \\f ( 2.3. REMARKS, (a) The application / »-> \\f\\* is a seminorm on BMO(£') and ||/||* = 0 if and only if / is constant. We consider the space BMO(i?) like a quotient space with respect to constant functions, (b) We can prove that BMO(£) is a Banach space analogously to the real case (see [4] ). (c) We have L°°(K, E) c BMO(£ r ), L°°(K, E) φ BMO(£) because the function f(x) = log |JC| if x e K* and /(0) = 0 is in BMO(E) but is not in L°°(K, E).
A classical inequality of Feίferman-Stein also holds in the local field setting.
2.4. THEOREM. Let f e £/ 0C (K, E) such that Mf e U(K) for some r with 0 < r < oo. Then for every p with r < p < oo, there is a constant C p depending only on p, such that (1) \\Mf\\ p <C p \\M*f\\ p .
The proof of this theorem is an adaptation of the Euclidean case (see [3] , Chapter 2, Theorem 3.6) . To obtain this adaptation we must remember that the balls of K have the same properties of the dyadic cubes. We do not need to take dilations of balls, the number 2 that appears in the proof of [3] is the prime number q here, and the functions α(ί) and β(t) that are considered in [3] are equal in this case.
2.5. REMARK. The inequality 2.4(1) is not true when p = oo (see 2.3(c)).
As a consequence of the Fefferman-Stein inequality we obtain an interpolation theorem of Marcinkiewicz-Riviere type, which will be fundamental in the study of the singular integrals.
2.6. THEOREM. Let E and F be Banach spaces and let T be a linear operator from L°°{K,E) into L°(K,F) such that, T has a bounded extension from Z/(K, E) into Z/(K, F), for some r with 1 < r < oo, and (1) \\Tf\\*<C\\f\\L-{E), feL? (K,E) .
Then T has a bounded extension from L P (K,E) into L p (K,F),for all p with r < p < oo.
Singular integral operators.
3.1. DEFINITION. Let E and F be Banach spaces. A linear operator T defined on Z£°(K, E), the space of the is-valued L°°-functions with compact support, with values in L°(K, F), the space of all Fvalued strongly measurable functions, is a singular integral operator with an operator valued kernel, if the following two conditions are fulfilled: SIO 1. T has a bounded extension from 2/(K, E) into Z/(K, F), for some r with 1 < r < oo. SIO 2. There is an operator valued kernel K, locally integrable from K x K\Δ into L(E, F), such that (1) Tf ( 3.4. THEOREM. Let T be a singular integral operator with kernel K, which has a bounded extension from Z/(K, F), for some r with q < r < oo. The following hold:
(i) if K satisfies (H\), then T is of weak type (I, 1) and of strong type (p, p) for p with q <p <r\ (ii) if K satisfies (H[), then T is of strong type (L°°, BMO) and of strong type (p,p),forp with r < p < oo.
The proof of the above theorem is obtained like the Euclidean case (see [3] or [6] ). The crucial part uses a decomposition of the Calderόn-Zygmund type (see [9] , Chapter 3, results 7.6 and 7.9). Thanks to the decomposition it follows that T is of weak type (1, 1) . The Marcinkiewicz interpolation theorem then shows that T is of strong type (p, p), 1 < p < r. The proof that T is of strong type (L°°, BMO) is similar to the Euclidean case. Finally, to conclude that T is of strong type (p, p) for r < p < oc, we need the Marcinkiewicz-Riviere interpolation Theorem 2.6.
3.5. THEOREM. Let (Tj) jez be a sequence of singular integral operators uniformly bounded from Z/(K, E) into Z/(K, F), for some r with 1 < r < oc. Suppose further that the sequence of associated kernels (Kj) jez satisfies
Then, given p and s with 1 < p < oc and 1 < s < oc, there is a constant A p , s depending only on p, s, C and r, such that
and 1<P<OO,
for all λ > 0 and f = (/)),• € L^°(K, Z^^1)). Moreover, the inequality (4) can te extended for all f = (fj)j e LP{K, l s (E)).
Proof. For each positive integer m, let T m be the operator from L?°(K, / J (£)) into L°(κ, ^(F)) defined by (5) , I s (E)), and let ΛΓ m be the kernel from K x K\Δ into L(l s (E), I s (F)) defined by
(α,-), e /*(£).
We observe that the operators 7} are uniformly bounded from (1) and (2) 
for all A > 0 and / = (fj)j G L^°(K, I s (E)). Moreover, the inequality (8) can be extended for all / = (/ ; ) 7 e L P (K, I s (E)). Then, letting m -• oo on both sides of the inequalities (7) and (8) we obtain (3) and (4). 3.6. COROLLARY. Let T be a singular integral operator with kernel K satisfying (H\) and (H[). Then, given p and s with 1 < p < oo and 1 < 5 1 < oo, ί/zere is a constant A p^s depending only on p, s, C and r, such that (1) x: <^1, 5 r 1 ικ/ 7 ) 7 || L .
and
Moreover, the inequality extended for all f = (fj)j e LP(K S (E)).
3.7. REMARK. In our applications we shall consider singular integral operators of convolution type, that is, with kernels of the type K(x,y) = K f (x -y) where K ! is locally integrable from K\{0} into 4. Applications to maximal functions. 4.1. DEFINITION. Let φ e L'(K) and for each t e K*, let φ t (x) = \t\~λ φ{t~x x). The maximal operator M φ is defined by
The Euclidean version of the following theorem is due to F. Zό (see [6] or [12] ).
THEOREM.
Let φ e C C (K) such that
, given p and s with 1 < p < oo αrcd 1 < 5 < oo, ίΛere w a constant A p<s depending only on p, s, C and \\<p\\\, such that /or all λ>0 and f = (/))_,-€ I£°(K, / 5 ). Moreover, the inequality (3) can &> extended for all f = (/)) y e 1. Owing to continuity of the function ί ι-» (φ t * f)(x), it is enough to calculate the supremum, in the definition of M φ , on a countable dense subset {tjjjeN of K*, that is,
Consider the operators M& defined by
We have that M&f(x) ΐ M^f{x) for all x e K. Therefore, obtaining estimates for M&f that do not depend on m, we shall be obtaining also estimates for M φ f.
Step 2. For each positive integer m, let Γ w be the linear operator from L°°(K) into L°(K, /°°) defined by (4) T m f=(φ tj *f) ι < j < m , feL\ and let K m be the kernel (of convolution type) from K into L(C, /°°) defined by
Since ||^||i = \\φ\\\ for all t Φ 0, we have 
Step 3. The inequalities (6) and (7) show that the operators T m and its kernels K m satisfy uniformly the hypothesis of the Corollary 3.6. Therefore, given p and s with 1 < p < oo and 1 < s < oo, there is a constant A PiS , depending only on p, s, C and \\φ\\\, such that (8)
<A ltS λ-ι \\(fj)j\\ Ll (I s )
and (9) UTmfj)j\\lf(l'(r)) ^ A pMfj)j\\L"(n , I <P<OO,
for all λ > 0, m e N and / = (/}); € L?°(K, /*). Moreover, the inequality (9) can be extended for all / = (/}); € L P (K, I s ). Since
then, letting m-»ooon both sides of (8) and (9), we obtain (2) and (3). From 4.2 we obtain the maximal theorem of Feίferman-Stein (see [2] or [6] ) in the context of the local fields. (3) it follows that the maximal operator M φ satisfies the inequalities 4.2(2) and 4.2(3) . Then, by (4) we obtain the inequalities (1) and (2) for the Hardy-Littlewood maximal operator.
5.
A multiplier theorem on LP(K 9 / 5 )-spaces.
LEMMA.
Let g e L 2 (K) and a > 0. Then, there is a constant A a depending only on a, such that (1) q-« f \x\ a \g{x)\ 2 dx JK <A a if \g{x+y)-g{x)\ 2 \y\- ({+a) Then, for all (ψj)j e S(K, /Q°) αnJ 1 <p, s <oo, we have
\\((mjφj) w )j\\ L p { ι<) < C\\(<pj)j\\ LP{n ,
wA^r^ C is independent of (ψj)j.
Proo/ 5ί^p 1. Let φ^ be the characteristic function of the ball B^ and m k j = wijφk, k e Z. Since {φj)j € 5(K, /g°) has compact support we see that {{nήφj) y )j = ((mjφj) y )j for A: small enough. Hence, if we wish to show (2), we only need to show that, for all (<Pj)j e S(K, /Q°) , k e Z and 1 < p, s < oo, we have Therefore (Tjf)j ez is a sequence of singular integral operators of convolution type uniformly bounded from L 2 (K) into L 2 (K), with sequence of associated kernels ((m^) v ) jez .
Step 3. Let m jΊ = m~ιm 1 ' 1 for j, I e Z. It follows from (1) We have also +00
/ , / , Σ \m jl {x+y)-m jl {x)\ 2 \y\~^dxdy
J\y\>4' J\χ\=J jZ^oo Therefore from (6), (7), (8) and (9) with \y\ < q~ι (see [9] , page 126). Therefore, for all t, j,ke% and xjGK with \y\ < q ι , we have Hence we obtain by (11) that, for all t, k e Z, (12) f
and consequently for all A: G Z, we have
Therefore, the sequences of kernels of convolution type ((nή) y )jez satisfy uniformly 3.5(1) and 3.5(2) . Consequently we obtain (3), which proves the theorem.
Applications to Besov and Hardy-Sobolev spaces.
In this section we will give some applications of some foregoing results to Besov and Hardy-Sobolev spaces and to spaces of Bessel potentials. 6.1 Let AJ = W -W +ι = {x e K: |x| = g~J} for j e Z.JVe will consider the sequence (Φ/)y>o of elements of S(K), where Φ/ is the characteristic function of A~J for j > 1, and ΦQ is the characteristic function of D.
For each distribution / e S"(K) and j > 0 we have that Φy * / is a function (see [9] , p. 126). We can easily see that the function Φ ; satisfies:
(1) Φ y * Φj = Φj and Φj * Φ z = 0 for / ^ 7 (2) Φy(x + j;) = Φ, (x) 
3. REMARK. The sequence (Φj)j>o ^sed in Definition 6.2 and given as in 6.1 is unique. In fact, if (ψj)j>o is a sequence of elements of S(K) such that sup ψj c A~j for 7 > 1, supp ^0 c D and Σ 7 ^7 = 1, then ψj is the characteristic function of A~~J for 7 > 1, and ^0 is the characteristic function of D, that is, ψj = Φ 7 for j >0. 6.4. REMARK. AS in the Euclidean case, there is another way to define the spaces B s pr (K) and F/ r (K) (see [11] ). We can say that the distribution / is in B s pr (K) (F* r (K), respectively) if there is a sequence ( a j)j>o of elements of S'(K) such that Σ 7 Λ 7 converges in S'(K) to /, supply c A~i for 7 > 1, suppόo C B and \\( a j)j>o\\ζ(L p ) < °° (ll(tf;)y>ollz/(/;) < 00 ? respectively).
But this definition is trivial because there is only one sequence for each /, namely, the sequence (Φ 7 * f)j>o -In fact, k=0 k=0
and hence α y = Φy * / for 7 > 0. If 5 G R and / G 5"(K), the Bessel potential of order s of / is defined by For α, β € E, the map / H-> J a f is a homeomorphism from 5" onto 5"(K), (J a )~ι = J' a and J a+β f = J a (j β f) for /eS'(K) (see [9] , p. 137).
The next theorem shows that J s is an isometry on F p ' r and B pr .
6.5. THEOREM. Let s, t € K α«d 1 < /? < oo. Then (2) μVllj" = II/IU' , / G ^Γ(K), 1 < r < oo.
pr pr
Proof. We can easily verify that / 5 Φ; = q sj Φj for j > 0. Then, for > 0, s e R and / € 5"(K) we have For / G F p \{¥) and 1 < r < oo, it follows from (3) We can show that and Therefore we can conclude that T has a bounded extension from L 2 (K) into L 2 (K, I 2 ) and S has a bounded extension from L 2 (K, I 2 ) into L 2 (K).
Let AΓi and Kι be the kernels defined by (4) K\{x)λ = (Φj(x)λ)j>o, x E
We have that therefore, showing that x h-> ||(Φ 7 (jc))y>oll/ 2 is locally integrable we can conclude that K\ and A^2 are locally integrable. Since for all x e K, / e L°°(K) and αGL c°°( K, / 2 ). Then, it follows from 3.4 that T and S are singular integral operators of the strong type (p 9 p) for 1 < p < oo, and consequently we have the inequalities 6.6(1).
In Taibleson [9] the space of Bessel potentials tP s (K) is defined for s e R and 1 < p < oo, as the set of all distributions / G ^(K) such that The next theorem is a consequence of Theorem 6.6.
On the other hand, since Φj(x + y) = Φj(x) for \x\ > \y\, it follows from 5.3 that (Φ/)j>o is a multiplier on L P (K 9 l r ), 1 < p, r < oo. Consequently, by the properties of the function Φ 7 we have for a -Hence, J" is bounded from B s pr (K) into U S (L P (K)) and from F* r (K) into Z/(K, /;), and & is bounded from Γ S (L P (K)) into B™ r (K) and from L P (K, /J) into ^(K), for s G R and 1 < p, r < oo.
6.10. REMARK. Due to Theorem 6.9 it is possible to obtain interpolation theorems for the spaces L?(K), Bj, r (K) and F/?r 5 (K) as in the Euclidean case. For instance, we have (see [1] , p. 153) that where s = (1 -Θ) 
